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The purpose of this paper is to provide a result on the welfare effect of a transfer, in a general
equilibrium exchange model, with no arbitrary restrictions on either the number of commodities
traded or the number of countries. Our result can be stated as follows. The donor country is
worse off after a transfer, if (a) all goods are ‘net substitutes’ for the donor; (b) all goods are
‘gross substitutes’ for the other countries; and (c) all goods are ‘normal’ for all countries.

1. Introduction

The ‘transfer problem’ in international trade theory can be roughly
described as follows (in the context of a general equilibrium exchange model
with m countries and n goods). Suppose one country (the ‘donor’) gives away
(‘transfers’) some of its endowment to another country (a ‘recipient’) or to
some or all of the other countries,

(a) how will the post-trasnfer equilibrium price compare to the pre-transfer
one?

(b) how will the post-trasnfer equilibrium welfares of the countries com-
pare to the pre-transfer levels?

The effect of a transfer studied in question (a) is called a ‘positive effect’;
that in question (b) a ‘welfare effect’.

Both the above questions were posed by Samuelson (1952, 1954). Since
then, a considerable body of literature has developed on the transfer
problem. Our interest is in the question on the ‘welfare effect’, and it is useful
to summarize the findings in the literature on this question.

Most of the literature focuses on the two-country, two-commodity model.
The main proposition that emerges from this model is that if the transfer is
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‘small’, the donor country cannot be better off (and so the recipient country
cannot be worse off) after the transfer, provided the Walrasian (World)
equilibrium is ‘locally’ stable under the usual ‘tatonnement’ adjustment
process. [See, for example, some standard texts in international trade theory,
such as Caves and Jones (1981) or Dixit and Norman (1980)].

More recently, the literature has focused on the three-country, two-
commodity model, as it is felt that this framework leads to significantly
different results, compared to the two-country counterpart. In particular,
Brecher and Bhagwati (1981) and Yano (1983) have noted, in the context of
a three agent, two commodity model that it is possible for the donor to be
better off after the transfer, even under local stability of the Walrasian
equilibrium. Gale (1974) has noted this phenomenon with a concrete
algebraic example, and has established that the Walrasian equilibrium in his
example is unique. (It turns out in this two-good example that the equilib-
rium is also locally stable as the reader can easily verify.) Gale’s example
involved L-shaped indifference curves for the three agents; an algebraic
example with the same content as Gale’s, but involving smooth preferences
for the three agents was constructed by Aumann and Peleg (1974). This
example, incidentally, shows a close relationship between the welfare effect of
the transfer problem, and the welfare effect of the problem of ‘immiserizing
growth’, which had been studied earlier quite extensively in international
trade theory by Bhagwati (1958), and Johnson (1967). In a recent paper,
Bhagwati, Brecher and Hatta (1983) have undertaken a thorough analysis of
the three-country, two-commodity case integrating the transfer problem, the
problem of immiserizing growth, and the theory of ‘distortions’. [A rather
complete history and bibliography of contributions to the transfer problem,
immiserizing growth and distortions is contained in this paper, so we have
deliberately avoided going into all of the details; see, however, remark (iii)
following theorem 1.]

The purpose of our investigation is to provide a definitive result on the
welfare effect of a transfer, in a general equilibrium exchange model, with no
arbitrary restrictions on either the number of commodities traded or the
number of countries. Furthermore, in contrast to the approach in the
literature we would like to get ‘global’ results; that is, results in which the
transfer is not restricted to be ‘small’. The point that one should attempt to
obtain ‘global’ comparative static results was emphasized, among others, by
Morishima (1964, p. 3). This is analytically harder than the more prevalent
‘local’ analysis. We feel that Morishima’s point is a serious one since an
infinitesimally small change in a parameter is not what one has in mind when
one formulates a typical comparative static proposition.

Our main result may be stated as follows: when there are an arbitrary
number of countries and commodities, the donor country is worse off after
the transfer, if (a) all goods are ‘net substitutes’ for the donor country; (b) all
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goods are ‘gross substitutes’ for the other countries; and (c) all goods are
‘normal’ for all countries.

One can see the relationship between this result and the set of necessary
conditions for donor enrichment obtained by Bhagwati, Brecher and Hatta
(1983), in the context of a two-good, three-country model involving bilateral
transfers. (That is, in their model there is one donor country, another
recipient country, and a third ‘non-participant’ country.) Let good x be the
export commodity of the recipient country. Assuming that the relevant
equilibria are locally stable, they note that if a transfer enriches the donor,
then either x is an inferior good to the recipient or the offer curve of the non-
participant country is inelastic (such that the export supply of x by the
recipient country falls as the relative price of x rises).

Notice that our condition that all goods are normal for all countries rules
out the first possibility of donor enrichment mentioned by Bhagwati, Brecher
and Hatta. Also, the assumption that all goods are gross-substitutes for all
countries except the donor country, implies in particular that the non-
participant country’s offer curve is elastic, ruling out thereby the second
possibility of donor enrichment mentioned by Bhagwati, Brecher and Hatta.
This makes it understandable why our sufficient conditions for ‘no transfer
paradox’ work. Of course, one should bear in mind the differences between
the exercise in this paper and that of Bhagwati, Brecher and Hatta. We
consider a multilateral transfer in a pure-exchange world economy with an
arbitrary (finite) number of commodities and countries. Their exercise is
couched in terms of bilateral transfers in a two-commodity, three-country
model in a world allowing exchange and production. [See also remark (ii)
following theorem 1 below.]

2. The model

We consider a model of the world economy, in which there are n
commodities, indexed j=1,...,n, and m countries, indexed i=1,...,m. The
total endowment of the world economy is given, and denoted by e (where e is
in R% ).

Each country has an endowment vector, the sum of all such endowment
vectors being the total endowment of the world economy. In our notation,
the endowment of the ith country is &' in R% ., and

m .
Y e=e.
i=1

The distribution of endowments is then denoted by E=(e',€%,...,e™).
The preferences of country i are representqd by a continuous utility
function, u':R" —R. For each i,D'={x in R%:u'(x)>u'(0)}. For each i, the
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following assumptions on ' are maintained:
(A.1) (a) x=x=0 implies u'(x) = u'(x)
(b) x> x=0 implies u'(x) > u'(x)
(A.2) x in D, x# X, u'(x) = u(X) implies #'[6x +(1—6)x]>u(x) for 0<f<1.
An allocation is denoted by X =(x!,...,x™) with x’ in R", for each i, and
'—i x'<e.
An equilibrium (given E) is a pair (X, p) such that:
X is an allocation, (1)
pisin R%,pe=1, ; 2)
For each i,x' is in B'={x in R%:px<pe'} and u'(x) 2 u'(x)
for all x in B* (3)

A few remarks on the definition of equilibrium are in order. Given the
assumptions on «', condition (3) implies px‘=pé’, so

pl:e—li xi:| 0. @)

i=1

Furthermore, by condition (3), p is in R" .. Finally, since X is an allocation,
and p is in R%, ., so using (4), one gets:

s

xi=e. (5)

i=1

We are interested in examining how an equilibrium changes when one
country ‘transfers’ some of its endowment to another country (or to several
of the other countries). This exercise clearly belongs to the more general class
of comparative static problems concerned with the effect of a change in the
distribution of endowments on the set of equilibrium allocations.

In describing ‘transfers’, we can suppose, without loss of generality, that
country 1 pays the transfer (ie. it is the ‘donor’ country), and some or all of
the other countries (i=2,...,m) receive the transfer. Keeping this in mind, we
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can define a set
T={(E, E):E and E are distributions of endowrﬁents,
é'<el,@ze fori=2,...,m}.

Thus, when we write (E,E) is in T we mean that E is the distribution of
endowments before the transfer, and E after the transfer.

Now, let (E,E) be in T, (X,p) be an equilibrium given E,(X,p) be an
equilibrium given E. The problem we are concerned with is the following.
How do the post-transfer welfare levels [u!(x),u?(X),...,u™(X)] compare to
the pre-transfer welfare levels [u!(x), u(x),...,u™(x)]?

3. Sufficient conditions for the normal welfare effect of a transfer

We wish to investigate the transfer problem in a many-country, many-
commodity setting. Our purpose is to provide a set of sufficient conditions
under which the ‘normal’ welfare effect of a transfer will occur (that is, the
donor will be worse off after the transfer). It is well known that definitive
results are hard to come by at this level of generality. Thus, we will need
quite strong conditions on our model in order to obtain the result we are
looking for. Specifically, we show that if all goods are net substitutes for the
donor, and if all goods are gross substitutes for all the other countries, and
all goods are normal for all countries, then the ‘normal’ welfare effect of a
transfer will occur. It might be useful to provide an informal discussion to
explain why these conditions produce the desired result.

Note that, under our assumptions, prices of all commodities are positive
before and after the transfer, so supply equals demand in each market, in
each equilibrium. If prices have not changed at all after a transfer, there is
nothing to prove. The donor is obviously worse off.

If prices have changed, then some prices have gone up, and others have
gone down. Consider a good whose price after transfer has fallen the most
relative to its price before the transfer. Call this good k. Then note that the
prices of all goods after the transfer, relative to the price of good k after the
transfer must be at least as large as the prices of all goods before the transfer,
relative to the price of good k before the transfer. This fact allows one, as in
general equilibrium theory, to exploit the net-substitute and gross-substitute
assumptions.

Focus now on the demand for good k. All countries except the donor have
post-transfer endowments at least as large as the pre-transfer levels (with at
least one country having a larger endowment in some good). Because all
goods are normal and gross substitutes for each of them, the post-transfer
demand for good k must be at least as large for all these countries, and
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strictly larger for at least one of them, than the pre-transfer level. If the
donor is at least as well off after the transfer, then since all goods are normal
and net substitutes for him, the post-transfer demand for good k must be at
least as large for him as the pre-transfer level. Adding up, the world post-
transfer demand for good k exceeds the world pre-transfer demand for good
k. This is impossible since either magnitude equals the world supply of good
k, which has not changed. Consequently, the donor must be worse off after
the transfer.

We now proceed to provide a rigorous statement and proof of our
theorem. For this purpose, let us start by recalling a few facts from the
theory of demand. We take these facts (and others to be noted later) to be
sufficiently well known that one need not go into the details of their
derivations. [The reader can consult a standard text like Varian (1978).] For
each i=1,...m given p in R, and d in R ., there is a unique solution
g'(p,d) to the following problem:

v(p, d) =max u'(x)
s.t.
px<pd,x in R",.

That is, for each i=1,...,m, there is an ordinary (Marshallian) demand
function, g'(p,d), and an indirect utility function, v*(p,d) for p in R% ,, d in

n

+ 4

For our next fact, it is convenient to denote the range of u’ by Q.

Then, for each i=1,...,m, given p in R% ., w in Q, w>u!(0), there is a
unique solutions h(p, w) to the following problem:

Mi(p, w) =min px
S.t.
u'(x)=w,x in R",.

That is, for each i=1,...,m, there is a compensated (Hicksian) demand function,
h(p,w) and an expenditure function M'(p,w) for p in R% ., w in @', w>u!(0).

In order to prove the main result of this section, we need the following
additional assumptions. These assumptions are stated without assuming
differentiability of the demand functions, following the style of Nikaido (1968,
p- 305).

(A3) Foreachiin[2,...,m], and for p,p in R" ,, d in R% ,, p=p implies

gi(p, d)zgi(p. d) if k¢ {j|p;>p;}
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(A4) Forp,pin R ,, win @', w>u'(0), p=p implies

hi (B, w) 2 hi(p, w) if k¢ {j|p;>p;}.
(A.5) For each iin [1,...,m], for p in R ,,d,d in R", ., d>d implies

gi(p.d)>gi(p,d) for j=1,...,n.

Note that (A.3) says that all goods are ‘gross substitutes’ for countries
[2,...,m], while (A.4) says that all goods are ‘net substitutes’ for country 1
(which, it will be recalled, is the ‘donor’ country). Finally, (A.5) says that all
goods are ‘normal’ for all countries. [Assumptions (A.1)-(A.5) are consistent
with arbitrary Cobb—-Douglas utility functions for all countries.]

For pin R% ,, and d in R ., it is known that the indirect utility function,
v!(p,d) is continuous in (p,d), by the Maximum Theorem [for a statement of
the Maximum Theorem, see Berge (1963, p. 116)] and increasing in each com-
ponent of d [by (A.2)]. Thus, given any p in R", ,, w in Q!, w>u?(0), there is
d in R" ., such that v!(p,d)=w. Similarly, for w in Q!, w>w, there is d>d
such that v'(p,d) = w. Now, h'[p,v*(p,d)]1=g'[p,d] and h'[p,v*(p,d)]=g*[p,d].
Using (A.5), we therefore have w> w implying

hi[p,w]l>hj[p,w] for j=1,...,n. (6)

Theorem 1. Suppose assumptions (A.1)(A.5) hold. Let (X,p)[(X,p)] be an
equilibrium given E[E]. If (E,E) is in T, then

ul(x') <ul(xl). (D

Proof Since (X,p) is an equilibrium given E, so p is in R% ,, x' is in R% ,,
e is in R%,, and u'(x)>u'(0) for i in [1,...,m]. Similarly, (X,p) is an
equilibrium given E, so p is in R%,, x' is in R%,, & is in R%,, and
u(x")>u'(0). Using the fact that (X,p) and (X, p) are equilibria given E and
E, respectively,

M3

 £p.¢)=e= 3. (5.2 . ®

i

Let w'=u'(g'(p,e')), w'=u'(g'(p,é")). Then, since g'(p,e')=h'(p,w') and
g (p,e*)=h'(p,w"), so (8) becomes:

KW+ 3 g, =55+ 3 ¢i5.2), ©
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Let min;(py/p;)=(P«/ps)- Then defining ¢ =(p/p:), §=(§/pi), we have
[ (aw") — '@ W1+ ¥, [5'a.¢) —g'(4,2] =0 (10)
and

4;=Di/Pe2pi/=q;i=1...,n (11)

Suppose now, contrary to (7), that w* 2w!. Then, note that hi(q,w')—
hi(g, w')=hi(g,w')—hi(g, w') +hi(g, w')—hi(gq,Ww'). Now, using (11) and
(A.4), h*(g,w')Zhi(g,w'). And, using (6) and W'=w!, hi(q, W) Zhi(G,w').
Hence,

hi(q, w')—hi(q, w') 20. (12)
Next, for i=2,...,m, we have gi(q,¢’)—g}(q, &) =gi(g, ¢) — £, ¢) +gud: ) —
gi(g,e%). Now, using (11) and (A.3), gi(q,¢') =gi(g.¢'). And, using (A.5) and
é'zé'[i=2,...,m], we have gi(g,&')=gi(q,e"). Also, for some i in [2,...,m],
&'>¢', so using (A.5), g(4, &) >gl(g,€") for this i. Thus,

gi(g¢)—gi(g,2) <0, forall iin[2,...,m] (13)
and
gi(q,e)—gi(g,é)<0, for someiin [2,...,m]. (14)

Using (13) and (14),
‘_i [2i(g,€) —£i(3, )1 <O. (15)

But (12) together with (15) contradicts (10). Hence w, <w,, which establishes
(7). QE.D.

4. Remarks

(i) Polterovich and Spivak (1983) have used the m-agent, n-commodity
framework to obtain a result similar to ours. In the context of the case where
there is one donor and one recipient, their result can be summarized as
follows. If all goods are normal and gross substitutes for all countries, then
the donor and recipient cannot be both better off after a transfer. Their
assumptions are not strictly comparable to ours, nor is their result. They also
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look at the welfare of members of coalitions of arbitrary sizes, and they work
with demand correspondences rather than functions.

(ii) We observed in section 1 how our result is related to the work of
Bhagwati, Brecher and Hatta (1983). However, for our proof, it is clear that
we need to assume normality for the donor country, while they do not need
this assumption. This difference, we think is a consequence of their two-good
framework together with the assumption of local stability equilibrium. In
terms of their model, if the transfer enriches the donor, then the price of x
(the export of the recipient) must fall. For this to happen under local
stability, there must be a world excess supply of x at the original price, but at
the new endowments. But, at the original price and new endowments, the
non-participant’s demand is the same as in the initial equilibrium, while the
recipient’s demand has risen (when x is normal for the recipient). Conse-
quently, to produce the world excess supply, the demand for x by the donor at
the original price and the new endowments must be lower than in the initial
equilibrium. Since the donor’s endowment is now smaller, x is a normal
good, for this range. Our theorem 1 can then be invoked to contradict the
original premise of donor enrichment. Thus, in Bhagwati, Brecher and
Hatta’s two-good case with local stability, our method of proof does not
need the normality assumption for the donor, because normality at the
relevant stage in our argument is already implied by the other assumptions.

(iif) We observed in section 1 that there is a close relationship between the
transfer proboem and that of immiserizing growth., This is reinforced by
Mantel’s (1984) work on immiserizing growth, with arbitrary number of
countries and commodities, which shows that if the set of three sufficient
conditions we have used in section 3 are satisfied, then growth cannot be
immiserizing. We are grateful to Avinash Dixit and Andreu Mas-Collel for
pointing this out to us. [See also Hatta (1984).]
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